In this paper, we deal with locally graded groups whose subgroups are either subnormal or soluble of bounded derived length, say d. In particular, we prove that every locally (soluble-by-finite) group with this property is either soluble or an extension of a soluble group of derived length at most d by a finite group, which fits between a minimal simple group and its automorphism group. We also classify all the finite non-abelian simple groups whose proper subgroups are metabelian.
Introduction
A well-known result, due to W. Möhres (see [12] ), states that a group with all subgroups subnormal is soluble, while a result proved, separately, by C. Casolo (see [4] ) and H. Smith (see [16] ) shows that such a group is nilpotent if it is also torsion-free. Later, Smith generalized these results to groups in which every subgroup is either subnormal or nilpotent. More precisely, he proved, in [18] , that a locally (soluble-by-finite) group with all subgroups subnormal or nilpotent is soluble, and the same holds for a locally graded group whose non-nilpotent subgroups are subnormal of bounded defect. Also, in both cases, the nilpotence follows if the group is torsion-free (see [17] ). Recall that a group is locally graded if every non-trivial finitely generated subgroup has a non-trivial finite image. The class of locally graded groups is rather wide and, in particular, it contains all locally (soluble-by-finite) groups. This restriction is made in order to avoid Tarski monsters (see [13] ) which show that the previous results are false without any finiteness condition.
In this paper, we are interested in studying locally graded groups with all subgroups subnormal or soluble. The first problem that arises here is the presence of finite minimal simple groups, i.e. non-abelian simple groups in which every proper subgroup is soluble. They have been completely classified by J. G. Thompson in [22] . Using this classification, in Section 2, we get all the finite non-abelian simple groups having each proper subgroup metabelian.
Another difficulty is due to infinite locally graded groups with all proper subgroups soluble. Such groups are both hyperabelian (see [8] ) and locally soluble (see [7] ), but it is still an open question whether they are soluble. However, there is a positive answer if we bound the derived length of subgroups (see [6] ). Motivated by this result, we deal with locally graded groups whose subgroups are either subnormal or soluble of bounded derived length. In our analysis, almost minimal simple groups show up. These are groups which fit between a minimal simple group and its automorphism group.
In line with Smith's results [17, 18] , our main theorems follow. They will be proved in Section 3. 
is the order of the group of diagonal automorphisms, f is the order of the group of field automorphisms and g is the order of the group of graph automorphisms (modulo field automorphisms). For more details, see [5, 
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Proposition 2.2. Let G be a finite non-abelian simple group with every proper subgroup metabelian. Then G is isomorphic to one of the following groups:
(i) P SL(2, 2 p ), where p is any prime;
(ii) P SL(2, 3 p ), where p is any odd prime; (iii) P SL(2, p), where p > 3 is any prime such that p 2 + 1 ≡ 0 (mod 5) and
Proof.
It is enough to analyze each case of Theorem 2.1. Let q be a power of any prime. By [21, Theorem 6 .25], P SL(2, q) contains a non-metabelian soluble subgroup if and only if it has a subgroup isomorphic to S 4 , the symmetric group of degree 4. Also, by [21, Theorem 6 .26], this is equivalent to the condition q 2 ≡ 1 (mod 16). Hence, if q = 2 p , then all subgroups of P SL(2, 2 p ) are metabelian. Suppose q = 3 p , with p = 2k + 1. Since 9 2k ≡ 1 (mod 16), S 4 is never contained in P SL(2, 3 p ) and therefore all subgroups of P SL(2, 3 p ) are metabelian. Let q = p > 3 with
Now, we have to consider P SL (3, 3) and Sz(2 p ), p ≥ 3. But P SL(3, 3) has a subgroup isomorphic to SL(2, 3), which has derived length 3; so we finish with Sz(q) where q = 2 p . By [20, Theorem 9] , Sz(q) contains a Frobenius group F of order q 2 (q − 1). Moreover, Sz(q) has only one abelian subgroup of order dividing q 2 (q − 1), that is cyclic of order q − 1, and its normalizer is a dihedral group of order 2(q − 1) (see [20] , p. 137). Hence, F is not metabelian.
Remark 2.3. We can observe that every proper subgroup of a minimal simple group has derived length at most 5. By Theorem 2.1 and Proposition 2.2, we need to consider the following cases:
Let G = P SL(2, p), p > 3, p 2 + 1 ≡ 0 (mod 5) and p 2 − 1 ≡ 0 (mod 16). Then, by [21, Theorems 6.25, 6 .26], G has a subgroup isomorphic to S 4 , which is soluble of derived length 3. This is also the unique non-metabelian subgroup of G.
Let G = P SL(3, 3) and H be a proper subgroup of G. Since H is soluble, it contains a non-trivial normal elementary abelian subgroup. Thus, by [2, Theorem 7.1], one of the following holds:
(1) H has a cyclic normal subgroup of index at most 3; (2) H has an abelian normal subgroup K such that H/K can be embedded into the symmetric group S 3 ; (3) H has a normal elementary abelian 3-subgroup K such that H/K can be embedded into GL(2, 3). Now, the derived length of GL(2, 3) is 4 and so H has derived length at most 5. Indeed, let Z = Z(SL (3, 3) ) and H be the subgroup of G given by
is an elementary abelian 3-subgroup of H such that H/K ∼ = GL(2, 3).
Therefore, every proper subgroup of P SL(3, 3) has derived length at most 5 and P SL(3, 3) contains a subgroup of derived length 5.
Let
Main results
We start with some preliminary lemmas. 
Proof.
We may assume H < G. Then there exists a series from H to G, and by [12, Theorem 7] , each factor is soluble. Hence, we have an abelian series from H to G, say
Remark 3.2. In the previous lemma, if we also assume that the subgroups containing H are subnormal in G of defect at most n ≥ 1, then by [10, 12.2.8], r depends on n. See also [3] . Proof. First, notice that every subgroup of G/N is subnormal, so that G/N is soluble, by [12, Theorem 7] .
N has a G-invariant ascending abelian series. Hence G is hyperabelian, since G/N is a soluble group. Now, consider K < N and assume for a contradiction that G is not hyperabelian. Then K is soluble and so by [9, Corollary] G/K is locally graded. Moreover, G/K is not hyperabelian and its normal subgroup N/K is minimal nonsoluble. However, N/K is hyperabelian and thus N/K is also infinite. We can therefore restrict to the case K = 1.
Let A be a non-trivial normal abelian subgroup of N . Then N = A G , so that N is the product of normal abelian subgroups. This implies that N is locally nilpotent. If T is its torsion subgroup, we have either T = 1 or T = N . Let T = 1. As solubility is a countably recognizable property, we have that N is countable. It is also locally nilpotent and torsion-free. Then, by [ (ii) Let S be the soluble radical of N . Surely S is a characteristic subgroup of N and so it is normal in G. Without loss of generality, assume S = 1. Then N is a finite non-abelian simple group, hence C G (N ) ∩ N is trivial. This gives that C G (N ) is soluble. Since G/C G (N ) embeds in Aut(N ), we get that G is soluble-by-finite. This also implies that the soluble radical of G is soluble. Suppose it is trivial, so that G is finite.
Let M be a minimal normal subgroup of G. Then M is the direct product of copies of a non-abelian simple group A. Obviously, A is subnormal in G and so, by Lemma 3.1, we have G (r) ≤ A for some r > 0. Thus A = M . It follows that M is a minimal simple group and, by Möhres' result (see [12] or [10, 12.2 
is a normal soluble subgroup of G. By our assumption, C G (M ) = 1 and this gives G Aut (M ).
Lemma 3.4. Let G be a locally (soluble-by-finite) group with all subgroups subnormal or soluble. Then either (i) G is locally soluble, or
(ii) G (r) is finite for some integer r and G is an extension of a soluble group by a finite almost minimal simple group.
, a perfect group. If K = 1, then G has a descending normal series with abelian factors. Since G is locally (solubleby-finite), it follows that G is locally soluble. Suppose K = 1 and let H be a proper subgroup of K that is not soluble. Then all subgroups containing H are subnormal in G and, by Lemma 3.1, there is an integer r such that G (r) ≤ H, a contradiction. Thus every proper subgroup of K is soluble and K, being perfect, is a minimal non-soluble group. Furthermore G/K is soluble, so that α is finite. The claim is now a consequence of Lemma 3.3.
Notice that, proving (ii) of Lemma 3.4, we have that the derived series of G ends in finitely many steps. The next lemma, which follows from [19, Proposition 1] together with [10, 12.2.6] , shows that this also happens when G is locally soluble.
Lemma 3.5. Let X = i∈N X i be a class of groups, where each class X i is closed under taking subgroups and direct limits, and X i ⊆ X i+1 for all i. Let G be a group with all subgroups subnormal or in X, and suppose that G / ∈ X. If G is locally soluble, then G (r) = G (r+1) for some integer r. By a theorem of J. E. Roseblade (see [15] or [10, 12.2.3] ), a group in which every subgroup is subnormal of defect at most n ≥ 1 is nilpotent of class not exceeding a function depending only on n. Using this, we can generalize Lemma 3.4 to the locally graded case, provided that the subnormal defect is bounded. Lemma 3.6. Let G be a locally graded group and suppose that, for some positive integer n, every non-soluble subgroup of G is subnormal of defect at most n. Then G is locally (soluble-by-finite).
Proof. We may assume that G is finitely generated. Suppose that it is not soluble-by-finite and denote by R its finite residual. As G is locally graded, R is a proper subgroup of G. Let N be a normal subgroup of G with finite index. Then every subgroup of G/N is subnormal of defect ≤ n and so, by Roseblade's theorem [10, 12.2.3] , G/N is nilpotent of bounded class depending on n. It follows that G/R is nilpotent and R is not soluble. Let S be a proper subgroup of R and suppose that S is not soluble. Then every subgroup of R/S R is subnormal of defect ≤ n, in particular R/S R is soluble, by [10, 12.2.3] . This implies that R ′ < R. So G/R ′ is finitely generated and abelian-by-nilpotent. We get that G/R ′ is residually finite (see, for instance, [14, Theorem 9 .51]) and R ′ = R, a contradiction. Hence every proper subgroup of R is soluble and R cannot be finite: otherwise, G would be finite-by-nilpotent and, consequently, also nilpotent-by-finite. By Lemma 3.3, we obtain that G is hyperabelian. Then G has a finite non-nilpotent image G/M (see, for instance, [14, Theorem 10 .51]). If M is soluble then G is soluble-by-finite, so M is not soluble and every subgroup of G/M is subnormal of defect ≤ n. Thus G/M is nilpotent by [10, 12.2.3] , a contradiction.
Proof of Theorem 1.2. By Lemma 3.6, jointly with Theorem 1.1, we have that G is either soluble, or G (r) is finite for some r ≥ 0 and G is an extension of a soluble group of derived length at most d by a finite almost minimal simple group. Let G be soluble and denote by e its derived length. We may assume d < e. Then H = G (e−(d+1)) is soluble of length d + 1 and every subgroup of G containing H is subnormal of defect ≤ n. It follows that G (s) ≤ H for some s depending on n (see Remark 3.2). Thus, G is soluble of length at most s + d + 1. Suppose now that there exists r ≥ 0 such that K = G (r) is finite and non-soluble. Since every subgroup of G containing K is subnormal of defect ≤ n, we get, as before, G (t) ≤ K for some t depending on n.
As a final remark we point out that, in (ii) of Theorems 1.1 and 1.2, one cannot expect that G is an extension of a soluble group S by a finite minimal simple group: it suffices to consider the direct product of any abelian group by the symmetric group of degree 5. However, if M/S is a finite minimal simple subgroup of G/S such that G/S Aut (M/S), then M ✁G by Lemma 3.1 and we can compute the order of G/M . In fact, G/M Out (M/S) where |Out (M/S)| divides 2p, with p odd prime, by Table 1. 
